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Goal: Parity-breaking (odd viscosity) is common to many systems and 
leads to a general type of observable phenomena
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Parity Breaking ñspinny particlesò
Ubiquitous across all scalesé

[1] [2]

[3] [4]

Some possible methods of study:

Odd ideal gasses ï collisions of chiral particles, 

    kinetic theory [5]

Odd elasticity ï stress/strains in chiral crystals [6]

Odd fluids  - odd viscosity  [7]

[1] Tan, Tzer  Han & Mietke , Alexander & Higinbotham , Hugh & Li, Junang  & Chen, Yuchao  & 
Foster, Peter & Gokhale, Shreyas & Dunkel, Jörn  & Fakhri, Nikta . (2021). Odd dynamics of living 
chiral crystals. 10.48550/arXiv.2105.07507.
[2] Soni, V., Bililign , E.S., Magkiriadou , S. et al. The odd free surface flows of a colloidal chiral 
fluid. Nat. Phys. 15 , 1188 ï194 (2019).
[3] Wells, F., Pan, A., Wang, X. et al. Analysis of low - field isotropic vortex glass containing 
vortex groups in YBa 2Cu3O7īx thin films visualized by scanning SQUID microscopy. Sci Rep 5 , 
8677 (2015).
[4] Weng, H., Dai, X., & Fang, Z. (2015). From Anomalous Hall Effect to the Quantum 
Anomalous Hall Effect. arXiv : Materials Science .
[5] Fruchart , M., Han, M., Scheibner , C., & Vitelli, V. (2022). The odd ideal gas: Hall viscosity 
and thermal conductivity from non -Hermitian kinetic theory. arXiv  preprint arXiv:2202.02037 .
[6] Scheibner , C., Souslov , A., Banerjee, D. et al. Odd elasticity. Nat. Phys. 16, 475ï480 (2020).
[7] Khain , T., Scheibner , C., Fruchart , M., & Vitelli, V. (2022). Stokes flows in three -dimensional 
fluids with odd and parity -violating viscosities. Journal of Fluid Mechanics, 934 , A23



Parity Breaking in Plasmas

ÅIf Larmor radius is smaller than plasma length scale Ą Gyro Viscosity

ÅSplit into two terms, perpendicular to ὄ-field and parallel to ὄ-field [8]

ÅContributes to gyro viscous stress in Braginskii Eq. (ὄ-field along ᾀ direction)

ÅDissipationless, forces always perpendicular to flow and appears in real part of dispersion
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[8] Kono, M., and J. Vranjes . "Gyro -viscosity and linear dispersion relations in pair - ion magnetized plasmas." Physics of Plasmas 22.11 (2015).

Note: Units of –  are ὒȾὝ 

Gyro viscosity is like 

specific angular momentum
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Active matter

ÅCollection of agents that convert environment energy into directed mechanical motion

                          bacteria, cells, liquid crystals, Janus particles, active colloids, spinny particlesé

ÅFluid description Ą  properties of active matter captured by viscosity coefficients

ÅStudied extensively in 2D, less so in 3D

ÅMarkovich & Lubensky 2021 [9]: 

       - Coarse-grain collection of complex molecules

       - Introduce intrinsic angular momentum density Љ

       - Gives parity-broken viscosity in both 2D and 3D

[9] Markovich, T., & Lubensky, T. C. (2021). Odd viscosity in active matter: microscopic origin and 3d effects. Physical Review 

Letters, 127(4), 048001.



Possible microscopic descriptions

3D odd viscosity can arise from relaxation of  Љ :

which gives ñcoarse grainedò momentum

If Љ is relaxed, then momentum conservation gives:

 

with 

[9] Markovich, T., & Lubensky, T. C. (2021). Odd viscosity in active matter: microscopic origin and 3d 

effects. Physical Review Letters, 127(4), 048001.

Note:  - Same form as ferrofluid (later)

           - 3D odd viscosity is stemming from   

  angular momentum; common to most 3D 

  cases, including gyro viscosity



Hydrodynamics

Study of global conserved quantities ὗ:  π 

Gives rise to local conservation laws for density ή: ή ɩ π 

Flux ɩ ήȟὺȟȣ  given by constitutive relation

We focus on mass and momentum:

” Ὣ π Ὣ ”ὺ

                                 Ὣ ɩ π ɩ ”ὺὺ Ὕ

Ignore any thermal effects, so energy conservation comes automatically

ὗ Ὠ᷿ᴆὶ ήᴆὶ :
mass

momentum

energy

entropy

angular momentum

é

”  mass density

ὺ  flow velocity

Ὣ  momentum density

ɩ  momentum flux 



Hydrodynamics

Governing equations typically written:   ” ”ὺ π 

     ”Ὀὺ Ὕ Ὢ

with material derivative Ὀ  ὺ

In first order hydro Ὕ  is first order in gradients of velocity:            Ὕ ὖ – ὺ Ễ

Viscosity tensor –  is in general a function of ” and ᴆὶ 

            Simplifications:                - If compressible:                ὖ ὖ ὧ ” ” Ễ

           - If incompressible:           ὺ π



Viscosity Tensor in 2D

ÅIn 2D compressible fluid a general viscosity tensor –  has 16 independent components

ÅFor isotropic 2D fluids symmetry leaves only 6 unique transport coefficients [10]

ÅIn the incompressible limit, and no internal torque (Ὕ  symmetric under Ὥ Ὦ

ÅTo be written as a Hamiltonian system, only –  remains (with constant ”)

– –   ‒ ɜ –   ‒ ɜ

Shear Bulk Rotational Odd/Hall Odd pressure Odd torque

[10] Monteiro, G.M., Abanov, A.G., & Ganeshan, S. (2021). Hamiltonian structure of 2D fluid dynamics with broken parity.SciPost Physics.
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Basic Results in 2D

Odd viscosity has no effect on incompressible bulk:    

Ὀὺ ὖ „ ȟ „ ’ ὺ ὺ ’ ὺᶻ ᶻὺ   

Ὀὺ ὖ ’ᶯὺ ,         ὖ ὖ ’

Thus, if boundary conditions depend only on flow:

ÅFlow does not depend on ’  

ÅNet force on closed contour is independent of ’

ÅNet torque depends on change in area

† ς’
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Odd viscosity does not produce any drag or lift forces in the incompressible case

[11] Ganeshan, Sriram, and Alexander G. Abanov. "Odd viscosity in two-dimensional incompressible fluids." Physical review fluids2.9 (2017): 094101.



Results in 2D

ÅFor a compressible ocean (free surface), effects of odd 

viscosity or confined to compressible boundary layer [12]

ÅIn the nonlinear regime, odd viscosity modifies the KdV 

equation and soliton solutions [13]

ÅIf particle number conservation is violated, lift is possible [14]

ÅCurrent project: Odd compressible Oseen equation

ᴆὺ Ὗὼ ό

[12] Abanov , Alexander G., et al. "Hydrodynamics of two -dimensional compressible fluid with broken parity: variational 
principle and free surface dynamics in the absence of dissipation." Physical Review Fluids 5.10 (2020): 104802.
[13] Monteiro, Gustavo M., and Sriram Ganeshan. "Nonlinear shallow water dynamics with odd viscosity." Physical Review 
Fluids 6.9 (2021): L092401.
[14] Lier, Ruben, et al. "Lift force in odd compressible fluids." Physical Review E 108.2 (2023): L023101.
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Viscosity Tensor in 3D

ÅIn 3D, a general viscosity tensor –  has 81 independent components (compressible case)

ÅFor rotational invariance in a single plane (ὼώ), 19 independent coefficients [15]

ÅImportantly, there exist 2 óodd viscosityô coefficients

ÅUnderlying microscopic theory determines the precise relation between coefficients

[15] Khain, T., Scheibner, C., Fruchart, M., & Vitelli, V. (2022). Stokes flows in three-dimensional fluids with odd and parity-violating 

viscosities. Journal of Fluid Mechanics, 934, A23.

– 2D odd viscosity

 (transverse)

– 3D odd viscosity

 (longitudinal)



Results in 3D

ÅBulk flow is modified (Stokeslet) [15]

ÅNovel ñoddò mechanical waves are stable [9]

ÅStill active area of research; flows without ñςò constraint, and for non- isotropic not understood

[9] Markovich, T., & Lubensky, T. C. (2021). Odd viscosity in active matter: microscopic origin and 3d effects. Physical 

Review Letters, 127(4), 048001.

[15] Khain, T., Scheibner, C., Fruchart, M., & Vitelli, V. (2022). Stokes flows in three-dimensional fluids with odd and 

parity-violating viscosities. Journal of Fluid Mechanics, 934, A23.

   ,  with   – ς– 
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3D Odd Viscosity in Plasmas

Role of gyro viscosity depends on relevant scaling (ordering) of the problem

ÅHall MHD Ordering (large accelerations): gyro viscosity enters with pressure at 2nd order

ÅMHD Ordering (subsonic flows): gyro viscosity enters alone at 2nd order

ÅDrift Ordering: gyro viscosity enters at 2nd order WITH acceleration and viscosity

    gyroviscous cancellation:
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[16] Ordered Fluid Equations D. D. Schnack



Magnetic Colloids to Ferrofluids

Magnetic colloids [17]: 

ÅThese relatively large (~‘ά) particles show odd viscosity experimentally

ÅFor small particles like Ferrofluids (ͯὲά) these effects ówashoutô

[17] Soni, V., Bililign , E.S., Magkiriadou , S. et al. The odd free surface flows of a colloidal chiral fluid. Nat. Phys. 15 , 1188 ï1194 (2019).
[18]  Cowley, M. D. " Ferrohydrodynamics . By R. E. ROSENSWEIG. Cambridge University Press, 1985. 344 Pp. £45." Journal of Fluid 
Mechanics 200 (1989): 597 -99. Print.

[18]

Seem to possess all essential ingredients for parity breaking

Is there a version of Ferrofluids that breaks parity?



Colloidal suspension with 3 components

Å5% Magnetized particles (magnetite, hematite, ~10 nm)

Å10% Surfactant (prevents clumping via Van der Waals)

Å85% Carrier fluid

Regular fluid if no external ὄ field: Brownian Motion randomizes magnetic moments

Large scale magnetization in the presence of external ║ field

[19] Ghasemi , Jalal & Jafarmadar , Samad & Nazari, Meysam . (2015). Effect of magnetic nanoparticles on the 
lightning impulse breakdown voltage of transformer oil. Journal of Magnetism and Magnetic Materials. 389. 
10.1016/j.jmmm.2015.04.045. 

[19]
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Ferrofluids in a nutshell

arXiv:2301.07096
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Degrees of Freedom

 Fluid flow velocity:  ᴆὺ ὺȟὺȟὺ

 Particle rotation rate: ɱ ɱȟɱȟɱ

 Magnetization:  ὓ ὓȟὓ ȟὓ

 Pressure:    ὖ ὖὼȟώȟᾀ

Ferrohydrodynamics

arXiv:2301.07096

Fixed Quantities

 Applied magnetic field:  ὄ ὄȟὄȟὄ

 Density:   ” ὧέὲίὸȢ 

 Moment of inertia per mass: Ὅ ὧέὲίὸȢ (small!)
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Recently:  

ÅMarkovich & Lubensky couple Љ Ὅɱ to  ᶯ ᴆὺ

    Ą leads to 3D odd viscosity in active matter systems [9]

ÅRelevant for magnetic colloids & large complex molecules

ÅFerrofluid particles are too small; these effects donôt manifest on 

hydrodynamic scale [17]

Idea:

Couple magnetization ὓ to 

Main Idea

arXiv:2301.07096
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[9] T. Markovich and T. C. Lubensky . Odd Viscosity in Active Matter: Microscopic Origin and 3D 
Effects. Physical Review Letters, 127, 048001 (2021).
[17] V. Soni, E. S. Bililign, S. Magkiriadou, S. Sacanna, D. Bartolo , M. J. Shelley, and W. T. Irvine. 
The odd free surface flows of a colloidal chiral fluid. Nature Physics, 15, 1188 ï1194 (2019).
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Ferrofluid Hamiltonian

arXiv:2301.07096

ὄ

” ρ for simplicity

Љ Ὅɱ is angular momentum density (per particle)

  coupling constant

Markovich & Lubensky

New coupling

Use appropriate Poisson Brackets and dissipation function

 Ą derive ferrohydro equations

Note: Donôt need Hamiltonian framework, but convenient for parity breaking (dissipationless) 
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Governing Equations

arXiv:2301.07096
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Skip technical detailsé

Key Physical Steps:

ÅFix uniformὄ field in the ᾀ direction

ÅSmall particle size (Ὅ goes to zero) 

         Ą particles rotate before magnetization re-adjusts

            (contrast to larger magnetic colloids)



Unique to 3D flows! No term in standard ferrohydrodynamics



Ferrofluids in Hele-Shaw Cells

arXiv:2301.07096

New coupling (Modified Darcyôs Law):

[20] Elborai , S. & Kim, Do Kyung & He, Xiaowei  & Lee, Se -Hee & Rhodes, S. & Zahn, Markus. (2005). Self - forming, quasi - two -
dimensional, magnetic - fluid patterns with applied in -plane -rotating and dc -axial magnetic fields. Journal of Applied Physics. 97 . 
10Q303 -10Q303. 10.1063/1.1851453. 

[20]

ñTable-topò experiment to probe parity-odd fluid


